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ABSTRACT 

We present one extra parameter worth of new static brane and 
intersecting brane solutions in string/M theory. These general 
solutions may be obtained by solving the equations of motion 
directly. But, in this letter, we first obtain the general eleven 
dimensional vacuum solutions, and then generate the brane so- 
lutions by U duality operations - namely boosting, dimensional 
reduction and uplifting, and S and T dualties. Such general so- 
lutions will be needed in the study of higher dimensional brane 
stars and their collapse. 
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String/M theory lives in ten/eleven dimensional spacetime and, upon 
compactification, is expected to describe our observed universe. Indeed, 
among other things, it has given a microscopic description of extremal and 
near extremal black holes: Starting with an effective action, the charged 
black holes are obtained from the equations of motion [1] - [5] . Their micro- 
scopic details in the extremal and near extremal limit are then well described 
in terms intersecting brane configurations in string/M theory and the low en- 
ergy excitations living on them. Far-from-extremal cases are also expected 
to be described by similar configurations [2]. 

More ambitiously, one may attempt within string/M theory to describe 
stable stars, their collapse when sufficiently massive, and the final collapsed 
objects - black holes or otherwise. Given the success of black hole descrip- 
tions in terms of branes, one may naturally start by taking similar brane sys- 
tems to be the constituents of the stars. Then, using appropriate equations 
of state and appropriate form of the line element describing such constituent 
brane systems, one may develop Oppenheimar - Volkoff type solutions for 
the static stars and Oppenheimer - Snyder type solutions for the collapsing 
ones. Such studies may provide insights into cosmic censorship conjecture. 
They may also be relevant to Mathur's fuzz ball proposal [6], according to 
which there is no horizon and the region within 0(1) times the Schwarzschild 
radius is modified and is filled with string/M theoretic fuzz. 

A crucial step in such studies is the matching of the interior solutions to 
the exterior ones. A pre requisite for this step is, clearly, the knowledge of 
the general exterior solutions. In four dimensional spherically symetric case, 
Birkhoff 's theorem guarantees that Schwarzschild and Reissner - Nordstrom 
solutions are the general exterior solutions. To our knowledge, no similar 
theorem is known in higher dimensional case with compact directions. Hence, 
in the attempt to study string/M theoretic stars, one first needs to know the 
general exterior solutions. 

In the ten/eleven dimensional static case, besides the standard intersect- 
ing brane solutions [1] - [5], a class of Kasner type multiparameter solutions 
are already known [7, 8]; but no other class of static solutions. It turns out 
that the relevant equations of motion have not been solved most generally 
and, thereby, one parameter worth of solutions are missed. Invariably in all 
these works, some ansatz is invoked directly or indirectly while solving, thus 
limiting the generality of the solutions. 

Invoking no such limiting ansatz, we have obtained the general static 
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solutions. The existing solutions then follow as particular cases. In this 
letter, we present these general solutions for branes and intersecting branes. 

The relevant string/M theory effective action may be written in the stan- 
dard notation as 



1=1 



For string theory branes, D = 10 , <fi is the dilaton field, and X p = —I, +1, 
or for fundamental strings, NS5 branes, or Dp branes respectively. For 
M theory branes, D = 11 and <fi is absent. We consider the static case. The 
appropriate line element ds for describing the branes and intersecting branes 
is then given by 

n 

ds 2 = -e 2 Ut 2 + J2 e 2A ' {dx l f + e 2X dr 2 + e 2 ° dVi 2 m (2) 
i=i 

where x % denote the toroidal brane directions and Q m denotes an m dimen- 
sional unit sphere. All the fields are functions of r only. 

The equations of motion for the fields are derived from the action S . 
Their solutions may be obtained e.g. by solving them directly [1, 2, 7]; 
or, from extremal solutions using an algorithm [3, 4]; or, by performing U 
duality operations - namely boosting, dimensional reduction and uplifting, 
and S and T dualties [9] - on eleven dimensional solutions [5, 8]. In this 
letter, we follow the method of U duality operations [10] : We first obtain 
the general solutions for the eleven dimensional vacuum equations of motion, 
and then generate the general brane solutions by performing necessary U 
duality operations. 

The vacuum equations of motion, IZmn = , and equation (2) give 

A 2 -i; 2 -ma 2 -jr(\l) 2 = m (m - 1) e 2A ~ 2CT (3) 
i=i 

Vprr + (A r - A r ) lp r = (4) 

xl + (A r - A r ) a; = (5) 

a rr + (Ar - A r ) o r = (m - 1) e 2X ~ 2a (6) 

where * r = ^* , A = ip + Y%=i A + m(T ? an d we assume that m > 2 . 
Equations (4) and (5) give ip = a F, X 1 = aj F, and 

e A " A F r = {m- 1) rf- 1 (7) 
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where ao, a^, and tq are integration constants. Using the freedom in the 
definition of r , and trading A for another function / , we define 

e 2 ° = r 2 e 2a ° F , e 2A = . 
Thus, the eleven dimensional general vacuum solution is given by 

n 

ds i = - e ^oF dt 2 + j2 e 2a * F {dx 1 ) 2 + e 2a ° F (dsi +1 ) 2 (8) 
i=i 

where 

(dsi +1 ) 2 = d -^+r 2 dQ 2 m (9) 

describes the (m + 1) dimensional transverse space. The constant an can be 
set to zero with no loss of generality, but its presence will elucidate certain 
U duality structure. Let R = r m ~ x , R = r^ 1 , 

n n 

A = a + ^2ai + man , K = a 2 + a 2 + ma^ - A 2 
i=i i=i 

« = —T ( , /o = 1 - a (10) 

m + 4(m — IJA 
and assume that the a's obey the constraints 

A-a n = \ , K>0 < — > a<l . (11) 

Note that (a ,ai,an,r ) and F(r) are defined only upto a constant multi- 
plicative factor. This factor is fixed by the first constraint above. The sec- 
ond constraint is imposed here because we are unable to obtain the complete 
solution when K is negative. 

Equations (3), (6), and (7) now give 

f(RF R ) = l-f+ {m ~ l)K f(RF R ) 2 (12) 

m 

f(RF R ) = 2(1 -f) + Rf R (13) 

e*f*(RF R ) = ^ (14) 
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where *r = ^* . It follows from these equations that / = e F = 1 — ^ for 
K = , and that / ~ e F ->■ 1 - ^ in the limit i? -> oo for K > . After 
some algebra, we get 

2 (1 - f) (f - /q) 
f-fo + ey/af(f-f ) 

4ai? 2 (l-/) 2 { } 

where e = ±1 and the square roots are always taken with postive signs. 

As described in [11], the qualitative behaviour of / and e F for K > 
follows from the above equations : e = +1 for R > R m in and = — 1 for 
R < Rmin where f(R m in) = fo > ; / decreases from 1 to f and then 
increases to oo as R decreases from oo to R min to ; and, e F decreases 
monotonically from 1 to 0, remaining < / , as R decreases from oo to . 
Note that there is no horizon. 



Let h — e y . Hence, h(R m i n ) = and h decreases monotonically 
from 1 to — oo as R decreases from oo to . In terms of fo, we get 



/ = !-«+«* . e? = (h+m (17) 



M h + ^dh (18) 



R 1-h 2 

and — oo < h < 1 . Integrating equation (18) now gives [12] 



R mm (1 - fo) (1 + y/J) fVf + h^" 



(19) 



R 1 — a + ah + \/J \ \/l — a 

We now have the general solutions for (/, e F , f?) as functions of h , which 
depend on two parameters i?o and K . Also, since / — > 1 — ^ in the limit 
i? — >■ oo , it follows that fo — > 1 — and, from equation (19), that 

c(a) 1 ■ - - - 



#min = i2o , C(«) = - (l + V 7 ") 2 (l - V 7 ") 
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Further, one may recover the K = solution / = e F = 1 — ^ by formally 
substituting a = 1 in equations (17) and (19). 
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The general string/M theory brane solutions may now be obtained by 
boosting the general vacuum solution and performing U duality operations. 
Under a boost e.g. along x n direction with a boost parameter /3, we have 

2a F 

- e 2aoF dt 2 + e 2a " F (dx n ) 2 — > - —— dt 2 + e 2anF H (dx n + A dt) 2 

H 

in equation (8) where 

H = C 2 - e 2wF S 2 , A = ^ (1 - e 2wF ) , (20) 

H 

w = do — a n , S = Sink (3, and C = Cosh (3 . Dimensional reduction along 
x n direction then gives DO branes smeared uniformly along x l directions, 
i — 1, ■ • • ,n s ( — n — 1). This solution, in string frame, is given by 



ds 2 s = - H- 1 * e 2boF dt 2 + m (jre^idx^ + e 2 ^ ds m+i 



\i=\ 



e <t> = Hi e b * F , A oc A , w = b Q -b 4> (21) 

where = and 6* = a* + ^ for * = 0, i, Q . The 6's must satisfy 
the constraints given in equation (11) where, by substituting a n = and 
a* = &* — y and defining A s = b + Yh=i ^ + m bn , we have 

A - an = A s -2b 4> -bn (22) 

n s 

K = b 2 + Y,b 2 + mb 2 n -(A s -2b (P ) 2 . (23) 
i=i 

The expressions for (A — a^) and written in terms of 6's, remain invari- 
ant under T and S* dualities; and, written in terms of a's, remain invariant 
under further dimensional uplifting [13]. Hence, in the following, we will not 
distinguish between the original and transformed a's and fe's and, further, 
assume that all the a's and 6's satisfy the constraints in equation (11). 

We now proceed to obtain general brane solutions. T dualising DO branes 
along (x 1 , • • • , x p ) directions gives Dp branes. S dualising Dl and D5 branes 
gives fundamental strings and NS5 branes. Lifting Dl and D4 branes to 
eleven dimensions gives M2 and M5 branes. Performing these operations 
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using the formulas given in [9], it follows that the general string theory p 
brane solutions may all be written, in string frame, as 

ds 2 s = H^- 1 (-e^dl^ + pe^dx^+H^ e 2b ° F (ds^ p ) 2 

e 4> = H ^ e b,F w = bQ + j2b l - 2A 1 _b <t> (24) 

i=i 

where X p — — 1, +1, 2=2 an d A± — 0, 1, \ for fundamental strings, NS5 
branes, and Dp branes respectively. The general M theory p brane solutions 
may be written as 

ds 2 = H 2 ^ ^-e 2aQF dt 2 + ^e 2a > F (dx^ + 
p 

w = ao + ^cii . (25) 
i=i 

In these solutions, the non zero (p + 1)— form gauge field component 
Aqi... p oc A ; the p brane charge oc wRqSC ; and, the functions H and A are 
given by equations (20), with w given as above. Note that the behaviour of 
H follows easily from that of e F : For example, for w > 0, the function H 
increases monotonically from 1 to C 2 as R decreases from oo to R s where 
R s = Rq if K = and R s = if K > . Note that there is no horizon in the 
K > case. 

Note also that one may formally take Maldacena's decoupling limit. Then 
H becomes (1 - e 2wF ) S 2 . Since e F -> 1 - ^ as R -> oo , it follows that 
the resulting spacetimes for D3, M2, and M5 branes are asymptotically 
AdS p+2 x S q where (p, q) = (3, 5), (2, 7), and (5,4) respectively. But, now, 
the interiors of these spacetimes are generically modified. For example, for 
K = in the D3 brane case but with b = hi and 6q = ^, it can be shown 
in the limit R — > Ro that the modified interior spacetime behaves the same 
way as that found in [14]. 

The general M intersecting brane solutions may be generated by perform- 
ing Af number of boosts and other U duality operations appropriately. For 
example, the general solution for three stacks of intersecting M2 branes is 
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given by 



I 2 



ds 2 = - (H 2 H V H V ,)^ e 2a ° F dt 2 + (^j^j £e 2 <^(aV) 2 

+ (^) 1 e ^ F (^) 2 + ( ^1 * e ^ (d*r 

\ H 2> J i= 3 V ^2" / i= 5 



^2 

4 



+ (H 2 H 2 ,H 2 „p e 2a " F (dsif 

2 

w 2 = a + E °i ' w 2' = «o + E a * ' ^2" = a + E a i ( 26 ) 

i=l i=3 i=5 

where, for I = (2, 2', 2") , 

If, = C 2 - e 2w ' F S 2 , A x =^(l- e 2w ' F ) , (27) 

Si = Sink Pi, Ci = Cosh Pi, and Pi are boost parameters. The non zero 
3— form gauge field components oc Ai and the brane charges oc wiRqSiCi . 

It turns out, similarly as in [4], that the general brane and intersecting 
brane solutions may all be written down algorithmically as follows. For M 
theory case: 



• Start with the extremal solution [3]. 

• In ds 2 , attach the function / to the dr 2 term and the e 2a * F factors to 
the other terms as in the above solutions. The o's must satisfy the 
constraints in equation (11). The functions / and e F are given by 
equations (17) where h(r) is implicitly given by equation (19). 

• Replace the harmonic and the gauge field functions of the extremal 
solution by the functions (H T , Ai) given in equation (27). The /3's will 
be determined by the brane charges. The «;'s for each stack of branes 
— Hwidvoi a * ) *.e. the sum of a's on its worldvolume. 

For string theory case: In the above steps, a's are replaced by 6's; an e 6 ^ F 
factor is attached for dilaton; and the expression for w has an additional 
term = —lA^h^ . 
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The existing brane and intersecting brane solutions now follow as partic- 
ular cases of our general solutions : The standard solutions [1] - [5] follow 
for K — 0, a = b — |, and a x = b x = if x ^ . Then wj = \ and 




,m— 1 




f = e F = l 



Hj = l + 



.m—l 



r 



The Kasner type solutions [7, 8] follow for K = where, now, the a's and 
o's satisfy the constraints in equation (11) and are otherwise arbitrary Then 
(/, e F ) are unchanged and (wi, Hi) depend on the values of a's and 6's. 

Also, note that r = r is a regular horizon for the standard solutions. For 
other solutions, namely the Kasner type ones where K = and the general 
ones where K > 0, the tidal forces can be shown [7, 8, 11] to diverge as 
r — > r s where r s = tq if K = and r s = if K > . We take this divergence 
as implying that there is a naked curvature singularity at r s . 

These singular solutions may simply be ignored by invoking cosmic cen- 
sorship conjecture and declaring them unphysical. On the other hand, and 
more constructively, one may use these general solutions and study static 
brane stars and their collapse. This is likely to provide insights into cosmic 
censorship. It is also possible, but perhaps far-fetched within the present 
effective action framework, that the singularities at r s may be resolved by 
string/M theoretic effects. Along a different line, one may assume that the 
present general solutions for m = 2 describe the exterior of the actual stars 
in our universe and, as is being done in several recent works e.g. [15, 16], 
study their experimental signatures. 
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